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Abstract. We give new formulations of property RD in terms of an L 1 -integra- 
bility condition of a Banach representation. This enables us to apply the theorem 
of Banach-Steinhaus and leads to a simple condition for property RD. We deduce 
that the quasi-regular representation on the Furstenberg boundary of any non 
compact semisimple Lie group with finite center has a matrix coefficient which 
does not verify the weak inequality of Harish-Chandra. 



I. Introduction 

The property of rapid decay has been introduced by H. Haagerup at the end 
of the seventies in his work [7J. The terminology "property RD" was introduced 
later, see the work [9] of P. Jolissaint. Property RD is relevant in the context of 
the Baum-Connes conjecture thanks to the important work of V. Lafforgue in [TU] . 

We say that a unitary representation tt : G — > U(H) in a Hilbert space of a 
locally compact group with a length function L (see Definition 13. ip . has property 
RD with respect to L if there exists d > 1 and C > 0, such that tt verifies for all 
feL\G), 

\Hf)\\ < c\\f\\ L4 



where || ■ || denotes the operator norm, and — J J G |/(<7)| 2 (1 + L(g)) 2d dg, 

where dg denotes a Haar measure on G. Equivalently, thanks to an observation 
from M. Perrone in [12J, a representation tt : G — > U(H) has property RD with 
respect to L if there exists d > 1 and C > such that for each pair of unit vectors 
£, 7] in H we have 

(7t(g)Z, V )\ 2 d^ d (g)<C 



G 



where rf/i^L (fiO = (T+ffe)p • We say that a locally compact group has property RD 
with respect to L if its regular representation has property RD with respect to L. 

Let 7i : G — > U (H) be a unitary representation of G. For £ and r\ in H, we define 
the matrix coefficient associated to tt, as (7r(p)£, rf). Let L 2 (H) be the Hilbert space 
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of Hilbert-Schmidt operators. Consider the representation 

c : G ->• U(L 2 (H)), 

defined by 

c(g)T = n(g)Tn(g- 1 ), 

for all T in L 2 (H). For S and T in L 2 (H), the matrix coefficient associated to c 
is (c(g)S,T). The Hilbert space L 2 (H) contains the Banach space of trace class 
operators denoted by L}{H). The restriction of the representation c to ^(H) is a 
Banach space representation. In Section 2 we prove the following proposition : 

Proposition 1.1. Let G be a locally compact second countable group, and let fi 
be a Borel measure on G which is finite on compact subsets. Let it : G — >■ U (H) 
be a unitary representation in a Hilbert space, and let c denote the Banach space 
representation defined above. The following conditions are equivalent. 

(1) There exists C > such that for all S,T unit vectors in L 1 ^) (unit for 
\\-\\i) we have 

f G \(c(g)S,T)\dn(g)<C. 

(2) There exists C > 0, such that for all unit vectors £,77 in H we have 

J G \(7r(g)^ V )\ 2 d^g)<C. * 

(3) For all vectors S,T in L l (H) we have 

f G \(c(g)S,T)\dn(g)<oo. 

(4) For all vectors £,r] in H we have 

I G I (A9)^V) \ 2 df^{g) < oo. 

Take d/j,(g) = nqr^feyp > where dg denotes a Haar measure on G, for some d in the 
above proposition, and notice that (1), (3) and (4) give three equivalent definitions 
for property RD for the unitary representation ir. 

Consider now a representation it : G — > U{H) such that H = L 2 (X,m) where 
(X, m) is a measured space. We say that a function £ is positive if £ > almost 
everywhere. Let 

H + = {£ G H \ £ > almost everywhere}, 

be the cone of positive functions on X. In this context, we say that n is positive if 
for all g in G, we have n(g)H + C H + . The following proposition proved in Section 
4 brings a simple condition for property RD for positive representations: 

Proposition 1.2. Let G be a locally compact second countable group with a length 
function L. Let n : G — >■ U (H) be a unitary representation such that H = L 2 (X, m) 
with (X, m) a measured space. Assume that n is positive. The following assertions 
are equivalent: 
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(1) 7T has property RD with respect to L i.e. there exists d > 1 and C > such 
that for all £, rj unit vectors in H, we have 



Assume that G can be written G = KP, where K is a compact subgroup 
and P is a closed subgroup. Let \g/p '■ G — > U(L 2 (G/P)) be the quasi-regular 
representation (see Subsection 13.21) . The Harish-Chandra function 

£0) = (Ag/p(0)1x, lx) , 

is the diagonal coefficient of A^/p defined by the characteristic function l x of the 
space X = G/P. Following Gangolli and Varadarajan, [6] [Definition 6.1.17], we 
say that a function / on the group G equipped with a length function L, verifies 
the weak inequality if there exists C > and d > such that 



Theorem 1.1. Let G be a non compact semisimple Lie group with a finite center. 
Then there exists a matrix coefficient of its quasi-regular representation on its 
Furstenberg boundary which does not verify the weak inequality . 

In Proposition 15.11 we give explicit examples of such coefficient in the special 
case G = SL(2, R). 

1.1. Acknowledgements. I would like to thank C. Pittet for very helpful discus- 
sions and criticisms. 

2. From squarable representations to integrable representations 
2.1. The spaces. 

2.1.1. The Hilbert spaces. Let if be a separable complex Hilbert space with a 
scalar product that verifies (£, A77) = A (£, rj) for all £,,7] e H and for all A G C. Let 
H be its conjugate space. Recall H = H as an additive group. The external law 
for A G C, £ G H is defined by A • £ = A£, and the scalar product is (£, 77)^ = (£, 77). 
We consider the algebraic tensor product H ® a i g H with the scalar product defined 
by (£ ® 77, £' <S> t]') = (£, (7/, 77'). We denote H ® H the Hilbertian completion 
of the algebraic tensor product. 

We denote by B(H) the space of bounded operators on H. Let Tr be the usual 
trace on B>(H) defined on positive bounded operators: for an orthonormal basis 
(e„)neN of H, for a positive operator A G B(H), we have Tr(A) = J2 n (Ae n , e n ) G 
[0, 00]. The trace Tr does not depend on the choice of the orthonormal basis. A 




(2) For all positive functions £ G H , there exists d^ > 1 such that 




\f(g)\<C(l + L(g)) d E(g). 
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bounded operator T is called Hilbert-Schmidt if it verifies Tr(\T\ 2 ) < oo, where 
\T\ = yT*T. We denote by L 2 (H) the set of Hilbert-Schmidt operators. The set 
of Hilbert-Schmidt operators is a subset of the set of compact operators, and it is 
a Hilbert space under the scalar product (S,T) = Tr(ST*). Its associated norm 
is ||T|| 2 = ^Tr(TT*) . It is well known that T is a Hilbert-Schmidt operator if 
and only if there exist two orthonormal basis (&)ieN an d (^i)ieN an d a sequence 
a = («i)ieN £ / 2 (N) such that the following convergent series in operator norm 
verifies 

T = ^ai( ,£i}r)i. 

i 

Notice that if T = £V aj ( , r^, then | \T\ | 2 = | |o;| |p. 
The map : 

<$>:H®H L 2 (H) 

is an isomorphism of Hilbert spaces. See [TT] [Chap. 9.1, from § 9.1.31 to 9.1.38] 
and [5j[Chap. 1, § 6, p. 96] for more details. 

2.1.2. The Banach spaces. A bounded operator T is trace class if it verifies Tr(\T\) < 
oo, where |T| = a/T*T. As said in the introduction, ^(H) denotes the set of trace 
class operators. It is a subspace of the Hilbert-Schmidt operators. It is a Banach 
space under the norm ||T||i = Tr(\T\). It is well known that T is trace class if 
and only if there exist two orthonormal bases (^)jgN an d (Vi)i£N and a sequence 
a = (atj)i 6 N £ such that the following convergent series in operator norm 

verifies 

i 

Notice that if T = J2 i (y i ( ,£i)r]i, then ||T||i = ||a||p. We recall now the 
definition of the projective tensor product of Banach spaces. Let X (resp. Y) be 
a Banach space with the norm ||.||x (resp. Y). We consider the algebraic tensor 
product X ® a ig Y . The projective norm of an element u in X ® a i g Y is defined by 

p(u) :— inf < | iil/il |y> such that u = Xj <S> Hi 

v finite finite 

The projective tensor product is defined as the completion of the algebraic tensor 
product for the projective norm p, and it is denoted by 

X®Y := X ® alg Y P . 

If H and K denote two Hilbert spaces, we observe that H®K C H <g> K. The 
map $ restricts to an isometric Banach spaces ismorphism : 
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For more details see [2] [Chap. 2, § 2.1, p. 12]. 

2.2. The representations. Let G be a locally compact group. Let 7r : G — > U (H) 
be a unitary representation in a Hilbert space, let W be its conjugate unitary 
representation in H. Let a be the unitary representation: 

a:G ->■ U(H®H) 

g h> Tf{g)®-K{g). 

The isomorphism $ intertwines a and the representation c (see Introduction): 

c $ = $cr, 

and this equivalence restricts to an equivalence between Banach spaces represen- 
tations. 

Lemma 2.1. Let U,V be a pair of unit vectors in H®H . There exists a unique 
pair of unit vectors S,T in ^(H) such that 

(a(g)U,V) = (c(g)S,T) . 

Proof. We can write U = $(S) and V = $(T) for a unique pair 5,T 6 L l (H) of 
unit vectors because $ is an isomorphim of Banach spaces. Furthermore, because 
$ is an isomorphism of the Hilbert spaces H ® H D H®H and L 2 (H) D L l (H) 
we have 

= (a(0)*OS),*(T)> 
= <$-V(^)$(5),T> 

= (c(y)5,r>- 

□ 

2.3. Proof of Proposition [TTTl 

2.3.1. An application of the Banach- Steinhaus theorem. The next proposition is 
an application of the Banach- Steinhaus theorem. It enables us to prove implication 
(4) (1) from Proposition 11.11 in the next subsection. 

Proposition 2.1. Let B : X\ xX 2 x ... xX r — > C be a multilinear map on a product 
of Banach spaces. If B is continuous on each variable, then B is continuous. 

Proof. By induction on r. See [13] [p. 81, Corollary] for the case r = 2. □ 

If G is a locally compact second countable group, we denote by dfj,(g) a Borel 
measure on G which is finite on compact subsets of G. 

Proposition 2.2. Let G be a locally compact second countable group. Let it : G — > 
U(H) be a unitary representation in a Hilbert space and let a = W ® 7i\ If for all 
£, ?7 G H we have j G | (7r(<7)£, 77) \ 2 dfi(g) < oo, then there exists C > such that for 
all unit vectors £, 77, 7/ £ H we have f G \ (cr(g)£ <8> ^, £' <8> v') \d^(g) < C. 
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Proof. Let G = UK n , where K n is an exhausting sequence of compact subsets of 
G. Fix r), rj 1 e H, and let us define the familiy T n of continuous linear operators: 

T n :H^L\G^) 

with 1k„ the characteristic function of K n . 
We have for each £ 6 H, 

su P ||r n (OIUi=sup / | (<r(g)£®ii,£'®T/) Wig) 

n n JK n 

= sup / | (ir{g)£, O | | (ir(g)r}, rf) \d/i(g) 

n J K n 

< sup { ( [ | (n(g% O \ 2 d^g)) Y / | (7r(g) V , rf) \ 2 d^g) 

n \JK n J \JK n 



< U I (Hg)^O \W(g)) U I «g)v,v') \W(g) 

< oo, 

by hypothesis. Banach Steinhaus theorem implies that sup n ||T n || < oo where 
denotes the operator norm. Hence 

sup / | (a(g)€®ri,€' ® rf) \dfi(g) < oo. 

{t,\\t\\=l}JG 

This proves that the multilinear form B : 
HxHxHxH^C 



Jg 

is continuous in £. Analogous arguments show that B is continuous on rj, £' and 
rf . Proposition 12.11 completes the proof. 

□ 

2.3.2. Proof of Proposition li.il 

Proof. (1) =>■ (3) and (2) =>■ (4) are obvious. 

(1) (2) and (3) (4) are clear: take U = £ <g> £ and V = r/ <g> 77. Then 

M<7)tf,V) = IM<7)^)| 2 - 



Lemma 12.11 and integration complete the proof. 
Let us prove (4) =>■ (1) : 

Take U, V two unit vectors (for the projective norm) in H®H . Write U = 
Y,k a kik®ri k and V = Y^i Mi ® Vi with ||a|| z i =J_= 1 |ji, where (£ fc )fceN, (£fc)fceN 
and (r/fc)fc e N ; (?7fc)fceN are orthonormal families in H and if. We have : 
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/ \(a(g)U,V)\dfi(g) = 

' G JG 



°(g) ak & ® % > ® ^ / 

V & I I 

Thanks to Proposition 12. 2} there exists C > such that for all fc, I G N 

JG 

Hence, 

(o-C^)!/, V>| dM(^) < X) l«fcllAlC 
k,i 

= C. 

The proof of (2) =>■ (3) is similar and left to the reader. □ 

3. Property RD for quasi-regular representations 

3.1. Property RD. We shall define property RD for a unitary representation of 
a locally compact group G. 

Definition 3.1. A length function on G, L : G — )■ IR +; is a measurable function, 
locally bounded ( i.e. for any compact K C G, we have sup{L(g),g G K} < oo) 
that verifies 

(1) L(e) = 0, 

(2) LQT 1 ) = Lfo), 

(3) L(gh)<L(g) + L(h). 

Definition 3.2. A unitary representation n : G — > U(H) of a locally compact 
group has property RD with respect to L if there exists C > and d > 1 such that 
for all unit vectors £,77 G H we have 

f \WM? da<c 

JG(l + L(g)r d9 ^ a 

Remark 3.3. Assume K is a symmetric relatively compact generating set of G 
containing the identity. Then L(g) = min {n G N : 3ki, ...,k n such that g = k\. ..k n } 
is a length function on G. Let C = sup k {L(k), k G K}. If L' is any length function 
on G, then L'(g) < CL(g). Hence if n has rapid decay with respect to V then it 
has rapid decay with respect to L. 



QUASI-REGULAR REPRESENTATIONS AND PROPERTY RD 



8 



3.2. Quasi-regular representations. We remind some basic facts about quasi- 
regular representations. 

Let G be a locally compact second countable group and assume that there exists 
a compact subgroup K and a closed subgroup P of G such that G = KP. We 
denote by Ap the right-modular function of P. We extend to G the map Ap of P 
as A : G ->■ R* + with A(g) = A(kp) := A P (p). It is well defined because K HP 
is compact (observe that Ap\kdp = 1). Notice that for all g G G, the function 
x G Gj P i— >■ ^I^P G is well defined. The quotient G/P carries a unique quasi- 
invariant measure u, such that the Radon-Nikodym derivative at (g, x) G G x G/P 
denoted by /t( ?) i) = ^(x) with = satisfies (x) = ^ for 

all g G G and x G G/P. Consider the quasi- regular representation Xg/p '■ G — > 

U(L 2 (G/P)) associated to P, defined by (\ G/P (g)£)(x) = K(g~\ x)^(jg~ x -x). We 
denote by X the space G/P, and by lx the characteristic function of G/P. We 
refer to [If [Appendix B, Lemma B.1.3, p. 344-345] for more details. 

Definition 3.4. The Harish- Chandra function 5 : G — > (0, oo) is defined as 

2(</) := <A G/P (^)l x ,lx) • 

As Ag/p is a unitary representation, we have 5(g) = S(g _1 ) for all g G G. The 
Harish- Chandra function is a stable matrix coefficient in the following sense. Let 
T be a discrete subgroup of a locally compact group G. Let n : G — > U (H) be a 
unitary representation. A matrix coefficient, (7r(g)£, rf) is stable on G relatively to 
T if there exists a relatively compact neighborhood V of the identity e G G and 
G, c > such that 

c\ (7r( 7 )£^> I < |(7r( 7 <?)£,?7)| < G| (7r( 7 )e^) | 
for all g G and for all 7 G T. 

Lemma 3.5. ([5J Proposition 4.6.3, p. 159].) The Harish- Chandra function is sta- 
ble relatively to any discrete subgroup. 

Proof. Let V be a relatively compact neighborhood of e in G, sufficiently small 
such that 7 ■ V fl 7' ■ V = for all 7 7^ 7' G T a discrete subrgoup of G. By def- 
inition of the Harish- Chandra function, we have ^(jg) = (\g/p(19)^xAx) = 
(Xg/pWx, A G/ p(7" 1 )l x ) • That is 3(>yg) = J x /t^ 1 , x) ^(7, x)2di/(x). The 
function (g,x) G G x G/P i-> n{g,x)^ is a strictly positive continuous function. 
Therefore, as V and G/P are compact, there exist G, c > such that for all g G V 
and for all x G G/P, we have c < K{g~ l ^x)^ < G. Hence, for all 7 G T, for all 

gev, 

c~( 7 ) < 5(7^) < C~( 7 ). 



□ 
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Lemma 3.6. Let Y be a discrete subgroup of a locally compact group G. Let 
7i : G — > U(H) be a unitary representation, and let L be a length function on G. If 
(7r(<7)£, 77) is a stable coefficient relatively to T, then there exists a constant C > 1 
such that 

V IM7)^)| 2 f \(rr(g)^y)\ 2 

V ( 1 + L W) d ~ Jg a + L(g)) d 9 ' 

Proof. Let V be a relatively compact neighbourhood of the neutral element of G, 
such that 7 • V fl 7' • V = for all 7, 7' G T such that 7 ^ 7'. Take a matrix 
coefficient (tt{'~y)£,,i]) which is stable. We have 

Ms)?.'))! 2 , ^ I I <*(«)«■<?> 



> 



7 

> e 



V- / \(K( 1 X%7 ] )\ 2 

^ /-- (1 + L( 7 a;)) d 

£ / 

^ (1 + L(~/x)) d 



^ fl 



for some positive constant e. □ 

Combining Lemmas 13.51 and 13.61 , we obtain the following 

Proposition 3.1. Let G be a locally compact group decomposed as G = KP where 
K is a compact subgroup and P is a closed subgroup. Let V be a discrete subgroup 
of G and let L be a length function on G. Let d > 1. There exists a constant 
C > 1 such that 

V S 2 (T) <c f 5%) . 
^ r (l + L(l)) d - J G (1 + L(g)y 9 - 

3.3. Linearization. The representation a : G — > U(H eg) H) introduced in Sub- 
section 2.2 satisfies for all £,77 G H: 

The representation a can be used to give a short and elementary proof of the 
following known result, due to C. Herz. 

Theorem 3.7. (|8J, C. Herz.) Let G be a connected semisimple Lie group with 
finite center. Then G has property RD with respect to the length function associated 
to any left-invariant Riemannian metric on G. 

See [H],|l], for proofs. 
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4. Equivalent definitions for property RD and the weak inequality 
4.1. Positivity. 

Lemma 4.1. Let G be a locally compact second countable group with a length 
function L. Let it : G — > U(H) be a unitary representation with H = L 2 (X,m) 
where (X,m) is a measured space. Assume that it is positive (it preserves the cone 
of positive functions). The following assertions are equivalent. 

(1) There exists d > 1 such that for all vectors £,77 G H we have 

Jg (X + L(g)) d 

(2) There exists d > 1 such that for all positive vectors £ G H we have 

(^g)^O 2 



-dg < 00. 



Proof. (1) =>• (2) is obvious. 

Let us prove (2) (1). Observe first that by decomposition of a real valued 
function £ into its positive and negative part we have that |£ + — £_| <£+ + £-. By 
positivity of ir, for all g G G we have ir(g)\£ + — £_| < n(g)^ + + 7r(p)£_. Using the 
decomposition of a complex valued function into its real and imaginary parts, and 
the decomposition of a real valued function into its positive and negative part, we 
obtain, according to the above observation, that | (7r(^)£, //) | is less than or equal 
to a linear combination of matrix coefficients {ir(g)£', rf) with 77' positive vectors 
in H. Now observe that for positive vectors, 

(n(g)c,v')<Hgm'+v'),e+v')- 

Integration and Cauchy-Schwarz inequality complete the proof. 

□ 



Here is the proof of Proposition 11.21 
Proof. (1) (2) is clear. 

(2) (1). Thanks to the equivalence between (2) and (4) in Proposition 11.11 with 
dfi{g) = for some d > 1, it is enough to prove that there exists d > 1, 

such that for each pair of vectors £, 77 G if we have J G Tj+^fejp-^S < 00 • According 
to Lemma 14.11 it is equivalent to prove that there exists d > 1 such that for any 
positive function £ G L 2 (X,m) we have f G ^^j^^dg < 00. We give a proof by 
contraposition. 

Assume that for each n G N, there exists a unit positive vector £ n such that 

-dg = 00. 



g a + L(g)Y 
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Take a sequence (a n ) n£ ^ of strictly positive real numbers such that the series ^ n a n 
converges. We consider 

n 

which is a well defined element of H. We can assume that £ 7^ 0. We can replace 
£ by jjljj which is a unit vector, so we assume that £ is a unit vector. Let d 
be a positive real number. Let n be an integer such that n > d. Notice that 
( 7r (5')£n> Cm) > for all n, m G N and for all g in G. Hence, 

2 /• / / \/- m2 



G 



;i + ^)) d " " J G (1 + L(g)) 



. 4 /" ( 7r (^)Cn,£n) 2 , 
" n 7 G (1 + 

Finally we have fund a unit vector £, such that for all d > 1 we have 



2 



T(ig = 00 



' G 

as required. □ 
4.2. The weak inequality. 

Definition 4.2. Lei G be a locally compact group with a length function L, which 
can be written G = KP where K is a compact subgroup and P is a closed subgroup. 
A function on G is said to satisfy the weak inequality if there exists C > and 
d > such that for all g G G 

\f(g)\<C(l + L(g)) d ~(g). 

For more details about the weak inequality we refer to [6J[§ 6.1.17, p. 258] and 
HS|[§ 8.4, p. 231-232] 
We prove Theorem ll.il 

Proof. Let u G G be a parabolic element. Consider T = Z the cyclic subgroup 
generated by u. Observe that V is discrete and is a group of exponential growth 
with respect to the restriction of L to V. But an amenable group satisfies property 
RD if and only if it is a group of polynomial growth, see [9] [Corollary 3.1.8]. Hence, 
according to Shalom's Lemma, [15] [Lemma 2.3], the restriction of Xq/p to T does 
not satisfy property RD. By Proposition 11.21 applied to T, we can find a positive 
vector £ G L 2 (G/P) such that for all d > 1 we have 



v (A G/P ( 7 )£g) S 
(1 + L( 7 ))' 



00. 



QUASI-REGULAR REPRESENTATIONS AND PROPERTY RD 



12 



We claim that the weak inequality fails for the coefficient (Xc/p(g)£,£)- Assume 
on the contrary that it holds. There would exist and such that for all g G G 
(^G/p(g) £,£) < Q(l + L(g))^E(g). For any d > 0, we would have: 

v (A G /p(7)e,Q 2 ^ r2V (l + ^(7)) 2d ^( 7 ) 2 

^ (i + L(-r)) 2d (+ d ° ~ f ^ (l + l( 7 )) m «+*> 

where the last inequality follows from Proposition 13.1 

n "i" In n +- . 

/G (l+L( 9 )) d o 



According to Theorem 13.71 there exists d > such that J G (14 T^f] n d < oo. It 
would follow 

V (A G/ p( 7 )e,e) 2 

^ (1 + L( 7 )) M «+ d o °°- 

This is a contradiction. □ 

4.3. Examples of coefficients that satisfy the weak inequality. 

4.3.1. A trivial example: L°°{G/P). If f, r] G L°°(G/P), we have 

|(Ag/pO)£,??)| < ||6||oo|M|ooH(#). 

4.3.2. TTie K-finite vectors. Let G be a locally compact second countable unimod- 
ular group, such that G = KP with if a compact subgroup of G, and P a closed 
subgroup of G. Let n : G — > U (H) be a unitary representation of G. We say that 
£ in if is a J\~-fmite vector if 

dim Span {7r(fc)£, G K} < 00. 

We denote by the dimension of Span {7r(fc)£, G if}. Consider Xq/p the 
quasi-regular representation associated to P. Then for £, 77 two ff-finite vectors 
we have 

KAo/P^^I^HeillMldCO^)^). 
For a more general statement we refer to [15] [Proposition 2.5]. 

5. A NON-EXAMPLE IN SL 2 (M) 

Let G = SLzfJRL). We consider the Iwasawa decomposition G = KAN, where 

* = = £$)"' 6l -"4 
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and 

iv = {(i |),« 6 i 



M — I [ \ , 1 , ( J~ , ) ^ . Notice that M is central in G and A normalizes 



Let M = Ck(A) be the centralizer of A in K. We have 
1 W -1 

1 / ' V _1 , , 

N. Let P be the group P = MAN. Hence P = j ^ jj ^ j,flel*,k 

We have G = KP. 

We identify G/P = §7{±1}. The Lebesgue measure, f on §7{±1} is quasi- 
invariant under the action of G, and is invariant under the action of K, i.e. by 
rotation. We identify the class of functions £ G L 2 (G/P) with the class of n- 
periodic functions £ : R — >■ C, that verifies 

/ f <«,. 

An element g E G can be written g = kp, with G 5*02 (R), and where p = 
( a^ 1 ) w ^h a G R*, and b G R. If Ap denotes the modular function on P, 
we have 

A(fcp):=Ap(p) = A P ((|; J 
Consider the hyperbolic distance d, on the hyperbolic plane 

M = {ze C,lm(z) > 0}. 
The formula L(g) = d(g ■ defines a length function on G where the action 
G r^His g- z = ^ d with g = ^ ^ G SX(2, R) and z G H. 

The quasi-regular representation associated to P is given for all £ G L 2 (G/P), 
for all g E G, for almost everywhere # G G/P, by: 

A G /p(^)=A(( ? - 1 P e )^- 1 ^). 
Define for s > the Sobolev space 

^(S 1 ) := G ^(S 1 )) £ |c n | 2 (l + n 2 ) s < oo J , 

where the sequence (c„) nG ^ is the sequence of the Fourier coefficients of £ on S 1 . 
The space P^S 1 ) is a Hilbert space for the scalar product 



\n& J 
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where the (c n ) n€ z and the (rf„) neZ are respectively the Fourier coefficients of £ and 
77. Notice that for s > ±, we have F^S 1 ) C C(S l ). Let 5 such that \ < 8 < \. 
Define 

The following proposition can be regarded as a more precise statement, in the case 
of SL{2, R), of Theorem O 

Proposition 5.1. Let < s < \. Let\< 5 < 5 - s. Then £5 e H 3 ^ 1 ) and the 
coefficient (\G/p(g)£,5,£,s) does not satisfy the weak inequality. 

See [3] for the proof. 

Remark 5.1. To sum up, ifO<s<j the weak inequality fails, if s>\ the weak 
inequality is obviously true for all coefficients defined by vectors of H S (E> 1 ), because 
H 8 ^ 1 ) C C{§ 1 ), andif\<s<\we don't know. 
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